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Abstract
For a fixed finite solvable group G and number field K, we prove an upper bound
for the number of G-extensions L{K with restricted local behavior (at infinitely many
places) and invpL{Kq ă X for a general invariant “inv”. When the invariant is given by
the discriminant for a transitive embedding of a nilpotent group G Ă Sn, this realizes
the upper bound given in the weak form of Malle’s conjecture. For other solvable
groups, the upper bound depends on the size of torsion of the class group of number
fields with fixed degree. In particular, the bounds we prove realize the upper bound
given in the weak form of Malle’s conjecture for the transitive embedding of a solvable
group G Ă Sn if we assume that for each finite abelian group A the average size of class
group torsion |HompClpLq, Aq| is smaller than Xǫ as L{K varies over certain families
of extensions with invpL{Kq ă X.
1 Introduction
LetK be a number field. One of the biggest questions in arithmetic statistics is counting
number fields, and Malle specifically studied counting degree n extensions L{K inside of
a fixed algebraic closure K when ordered by relative discriminant discpL{Kq in [Mal02]
and [Mal04]. The Galois group of L{K (or rather, of the Galois closure of L{K) is
GalpL{Kq Ă Sn a transitive subgroup acting on the n embeddings L ãÑ K. Let
G Ă Sn be a transitive subgroup and
NpK,G;Xq “ #tL{K | GalpL{Kq “ G,NmK{QpdiscpL{Kqq ă Xu .
Malle conjectured that there exists a positive constant cpK,Gq such that
NpK,G;Xq „ cpK,GqX1{apGqplogXqbpK,Gq´1
asymptotically as X Ñ 8, where apGq and bpK,Gq are explicit positive constants.
Here we take fpXq „ gpXq to mean limXÑ8 fpXq{gpXq “ 1. This is often referred
to as the strong form of Malle’s conjecture. The values apGq and bpK,Gq have been
verified in the following cases:
• G an abelian group by Wright [Wri89],
• G “ Sn for n “ 3 with K “ Q by Davenport-Heilbronn [DH71], n “ 3 with K
arbitrary by Datskovsky-Wright [DW88], n “ 4, 5 with K “ Q by [Bha05], and
n “ 4, 5 with K arbitrary by Bhargava-Shankar-Wang [BSW15],
• S3 Ă S6 by Bhargava-Wood [BW07],
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• D4 Ă S4 by Cohen-Diaz y Diaz-Olivier [CYDO02],
• Q4m Ă S4m the generalized quaternion group of order 4m by Klu¨ners [Klu¨05b],
• Sn ˆ A Ă Sn#A for A Ă S|A| an abelian group in its regular representation with
p|A|, 2q “ 1 for n “ 3 and p|A|, n!q “ 1 for n “ 4, 5 by Wang [Wan17],
• C2 ≀H for certain groups H by Klu¨ners [Klu¨12].
The author is also aware of upcoming results for D4 Ă S8 [SV19] and a large family of
imprimitive groups (including many wreath products of the form T ≀ B for T abelian
or S3) [LOWW19]. Similar results are known when the extensions L{K are ordered by
other invariants, for example Wood [Woo09] proves the analogous results for abelian
groups ordered by conductor. The constant cpK,Gq, while known to be positive in all
of the above cases, is known explicitly in far fewer cases, such as for abelian extensions
over Q by Ma¨ki [Ma85] and cyclic quartic extensions over general K by Cohen-Diaz y
Diaz-Olivier [CDyDO05].
Unfortunately, the conjecture is not true in this form, as Klu¨ners [Klu¨05a] provided
a counter-example for G “ C3 ≀ C2 Ă S6 for which bpK,Gq is too small. There have
been proposed corrections for bpK,Gq by Tu¨rkelli [Tu¨r15], but the 1{apGq exponent is
still widely believed to be correct. This leads to the weak form of Malle’s conjecture,
which will be the major focus of study of this paper:
Conjecture 1.1 (weak form of Malle’s conjecture). For any ǫ ą 0,
X
1{apGq ! NpK,G;Xq ! X1{apGq`ǫ ,
where we define ind : Sn Ñ Z by indpσq “ n´#torbits of σu and
apGq “ min
gPG´t1u
indpσq .
Here we write fpXq " gpXq if 8 ě lim supXÑ8 fpXq{gpXq ą 0. This has been
proven in more cases, notably:
• G any nilpotent group in its regular representation G Ă S|G| by Klu¨ners-Malle
[KM04],
• Klu¨ners-Malle also proved the predicted upper bound for ℓ-groups in any repre-
sentation [KM04],
• For Dp the dihedral group of order 2p for a prime p (in both the degree p and 2p
representations) Klu¨ners proved the lower bound unconditionally and the upper
bound conditional on the Cohen-Lenstra heuristics for the average size of torsion
in class groups of quadratic fields [Klu¨06].
• In a separate project announced around the same time as this paper, Mehta
proves Malle’s predicted upper bounds for Frobenius groups G – F ¸ H Ă Sn
with abelian kernel with n “ |F | or |G|, conditional on Malle’s predicted upper
bound for H Ă S|H| and the ℓ-torsion conjecture [Meh19],
• A4, C
2
3 ¸ C4 Ă S6 announced around the same time as this paper by Mehta
[Meh19].
There are no known counterexamples to the weak form of Malle’s conjecture.
For other groups, not even the upper bound of X1{apGq`ǫ is known. The subject
of studying just this upper bound is a vibrant area itself, and centers on a folklore
conjecture attributed to Linnik: Let NK,npXq be the number of extensions L{K of
degree n with NmK{QpdiscpL{Kqq ă X. Then Linnik’s conjecture predicts that
NK,npXq „ CK,nX
2
asX Ñ8. Linnik’s conjecture would follow from the strong form of Malle’s conjecture,
while the weak form of Malle’s conjecture would imply logNK,npXq „ logX. Progress
towards this conjecture has been slow; the best general bounds are due to Schmidt
[Sch95], which state
NK,npXq ! X
n`2
4 .
This was improved upon by Ellenberg-Venkatesh [EV06] for large n, who proved that
there exist constants An depending on n and an absolute constant C such that
NK,npXq !
´
X|discpK{Qq|nArK:Qsn
¯exppC?log nq
,
which shows in particular that
lim sup
XÑ8
logNK,npXq
logX
!n n
ǫ
.
Keeping in step with the philosophy of Malle’s conjecture, Dummit [Dum18] proved
an upper bound which improves upon Schmidt’s bounds in many cases when G Ă Sn
is a proper transitive subgroup. If any subgroup G1 ď G properly containing a point
stabilizer has index at most t in G, then Dummit shows
NpK,G;Xq ! X
1
2pn´tq
´řn´1
i“1 degpfi`1q´ 1rK:Qs
¯
`ǫ
for f1, ..., fn a set of primary invariants of G for which deg fi ď i. This result sig-
nificantly improves upon the bounds given by Schmidt in many cases, but is still not
very close to the bound predicted by Malle. In particular, this exponent is larger
than 1
2
´ 1
2nrK:Qs which is very close to 1{2 for large K, although many groups have
1{apGq ă 1{2 (namely all groups in the regular representation other than G “ C2).
When one asks the analogous question over function fields FqrT s, a preprint of
Ellenberg-Tran-Westerland [ETW17] shows that when q " |G| Malle’s predicted upper
bound is satisfied. This gives strong evidence that Malle’s predicted upper bounds
should hold over number fields, although the methods used for function fields do not
appear to transfer to number fields.
In this paper, we prove upper bounds for number fields inductively by relating
the number of G-extensions to the number of N-extensions and G{N extensions for a
normal subgroup N Ĳ G. The main result is as follows:
Theorem 1.2. Let K be a number field, G Ă Sn a transitive subgroup, and N Ĳ G an
abelian normal subgroup. Then, for any ǫ ą 0, NpK,G;Xq is
! max
$’’&
’’%
X
1{apNq`ǫ
,
ÿ
GalpL{Kq–G{N
NmK{QpdiscpL{KqqďX
X
ǫ
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
,//.
//-
,
where the sum is over G{N-extensions L{K ordered by a certain invariant discpL{Kq ď
X, CGpNq denotes the centralizer of N in G, and
apNq “ min
gPN´t1u
indpgq .
The explicit definition of disc can be found in Definition 2.1. This result allows one
to pass from bounds on the average size of class group torsion over certain subfields of
G{N-extensions to bounds on NpK,G;Xq. The goal is to use this result inductively
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in order to lift bounds on the number of G{N-extensions to bounds on the number of
G-extensions.
The idea behind the proof is similar to that of other inductive results in number field
counting, which are used to prove the strong form for C2 ≀H [Klu¨12], Aˆ Sn [Wan17],
and for a large family of nonabelian groups in an upcoming preprint [LOWW19], as well
as upper bounds for Dp [Klu¨06] and Frobenius groups with abelian kernel [Meh19]. In
all previous work on the topic, this method has been employed successfully specifically
when the normal subgroup N Ĳ G Ă Sn fixes a partition of the set t1, 2, ..., nu under
the transitive action. This is exactly the situation in which the discriminant has a
product formula
DF {K “ NmL{KpDF {Lq ¨D
rF :Ls
L{K .
(This is also called a Brauer relation in [Meh19].) This relation is heavily used to pass
from counting results on G{N-extension to counting results on G-extensions by relating
the two discriminants.
The main improvement demonstrated by Theorem 1.2 compared to previous induc-
tive approaches is that we are allowed to take N to be any abelian normal subgroup,
without needing to assume it preserves a partition of the t1, ..., nu. We do this by
directly relating G-extensions ordered by discriminant to G{N-extensions ordered by
disc, an invariant which need not agree with a discriminant, allowing us to bypass the
need for a discriminant product formula entirely. This removes many of the restrictions
of past work on the subject, and by proving a generalization of Theorem 1.2 under any
sufficiently general ordering we are still able to use this result inductively to produce
upper bounds (see Theorem 2.6). The freedom of being able to take any abelian nor-
mal subgroup allows us to prove very general results, in particular for solvable groups
by inducting along a normal series with abelian factors. We group these according to
results which are conditional on other conjectures and results which are unconditional.
1.1 Conditional Results
Theorem 1.2 gives a concrete relation between bounds for NpK,G;Xq and the size of
torsion in class groups. It is widely believed that torsion in class groups is “small” on
average. We can phrase this a little more explicitly as follows:
Conjecture 1.3 (Average Torsion Conjecture). Let K be a number field, G a finite
group, A a finite abelian group, F a “nice” family of G-extensions L{K, and inv an ad-
missible ordering ( such as the discriminant). Then the average size of |HompClpLq, Aq|
over extensions L{K P F with NmK{QpinvpL{Kqq ď X is ! X
ǫ.
The author is not aware of a place in the literature where this conjecture ap-
pears in such great generality, but generally speaking the behavior is not expected
to change when inv is some admissible ordering other than a discriminant (we again
refer to Definition 2.1 for the definition of an admissible ordering). In many cases,
it is expected that the average value is actually finite, see [CL84,BL17] for example.
Davenport-Heilbronn’s [DH71] work on cubic extensions implies that the average value
of |HompClpLq, C3q| as L{Q varies over quadratic extensions is finite, while Gauss’s
genus theory implies the average value of |HompClpLq, C2q| as L{Q varies over quadratic
extensions grows like logX.
This average value of class group torsion appears in Theorem 1.2. By inducting
along a composition series, we are able to prove the following:
Corollary 1.4. Let K be a number field and G Ă Sn a solvable transitive subgroup.
If the Average Torsion Conjecture is true, then
NpK,G;Xq ! X1{apGq`ǫ .
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This verifies Malle’s predicted upper bounds for all solvable groups, conditional only
on bounds for the average growth of torsion in class groups, and motivates the title of
the paper. We need to assume such bounds under various admissible orderings, not
just the discriminant, in order to prove such a general result. If we assume a stronger
conjecture, we can restrict ourselves to only considering the discriminant ordering:
Conjecture 1.5 (ℓ-Torsion Conjecture). Let K be a number field, n a positive integer,
and ℓ a prime number. Then |ClpLqrℓs| ! |discpL{Qq|ǫ as L{K varies over all degree n
extensions.
The ℓ-torsion conjecture is a much stronger assumption, and as a consequence we
are much farther from proving such a result. Although the ℓ-torsion conjecture is widely
believed, the only known cases of this conjecture come from genus theory, where we can
show |ClpLqr2s| “ 2ωpdiscpL{Qqq ! |discpL{Qq|ǫ as L{Q varies over quadratic extensions.
See [BS96,Duk98,EPW17,Zha05] for discussions on the ℓ-torsion conjecture and known
results.
The benefit of the ℓ-torsion conjecture is that knowing this conjecture for a single
ordering, such as the discriminant, implies that the conjecture is true over any admis-
sible ordering. Thus the ℓ-torsion conjecture implies the average torsion conjecture.
This allows us to state a result which, although weaker than Corollary 1.4, does not
require any non-discriminant orderings to state:
Corollary 1.6. Let K be a number field and G Ă Sn a solvable transitive subgroup.
If the ℓ-torsion conjecture is true, then
NpK,G;Xq ! X1{apGq`ǫ .
1.2 Unconditional Results
We know that torsion in the class group can not be of an arbitrarily large size, as
Minkowski’s bounds imply a trivial bound for the size of the class group among L{K
of bounded degree, namely |ClpLq| ! |discpL{Qq1{2|. This implies |HompClpLq, Aq| !
|discpL{Qq|d{2 where d is the number of generators of the finite abelian group A. Com-
bining these bounds with Theorem 1.2 can inductively produce upper bounds for G-
extensions whenever N is an abelian normal subgroup and we know bounds on the
number of G{N-extensions. In certain cases, these inductive bounds will be better than
the best known bounds for the group G by other methods (such as [Sch95,Dum18]).
We generally expect this to happen when inertia groups IppL{Kq ď G which are “closer
to the center” of G produce smaller exponents for p in the discriminant of L{K. We
include some data on what these bounds look like for groups of small degree in the
appendix.
As an example, when G “ Dp Ă Sp is the dihedral group for p an odd prime, then
apGq “ 2
p´1 . Theorem 1.2 reproduces the unconditional bounds proven by Klu¨ners
[Klu¨06]:
NpK,Dp;Xq ! X
3
p´1
`ǫ
.
These are significantly smaller that Schmidt’s bound of p`2
4
, and Dummit’s bound
which is at least 1
2
´ 1
2prK:Qs „
1
2
. In many ways, Theorem 1.2 can be viewed as a vast
generalization of Klu¨ners’s results.
A special case of this result occurs when N Ĳ G is a central subgroup, so that
ClpLCGpNq{N q “ ClpKq is independent of the average being taken. We then use an
inductive argument in this setting combined with Minkowski’s trivial bounds on the
order of the class group in order to prove the following result:
Corollary 1.7. Let K be a number field and G Ă Sn be a transitive subgroup. Suppose
there exists a normal subgroup N Ĳ G such that
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(a) N{pN X Z8pGqq is abelian with d generators, where Z8pGq denotes the hyper-
center of G i.e. the last term of the lower central series,
(b) There exists a positive real number M such that for each G{N-extension L{K
NmK{QpdiscpL{Kqq ! NmK{QpdiscpL{Kqq
M and
X
1
2
dM ¨#tL{K | GalpL{Kq – G{N,discpL{Kq ă Xu ! X1{apGq`ǫ .
Then
NpK,G;Xq ! X1{apGq`ǫ .
This result unconditionally verifies Malle’s predicted upper bounds for a large family
of nonabelian groups. We remark that condition (b) is reminiscent of the conditions
on the order of A in Wang’s proof of the strong form for A ˆ Sn [Wan17], and is
of the same flavor as results in an upcoming preprint by Lemke Oliver-Wang-Wood
[LOWW19] proving the strong form of Malle’s conjecture for many more imprimitive
groups. In fact, a condition of this nature appears in Malle’s original work [Mal02,
Proposition 5.2] used to provide evidence for the consistency of Malle’s conjecture
under wreath products. The main improvement in Corollary 1.7 compared to previous
results comes from showing that the entire class group ClpLq does not always contribute
to upper bounds, only the subgroup ClpLCGpNq{N q does. When N commutes with more
elements, this reduces the effect the class group has on upper bounds.
If G is itself a nilpotent group, we can take N “ G so that N{pN X Z8pGqq “ 1.
In this case conditions (a) and (b) are trivially satisfied with d “ 0 and we prove the
following corollary:
Corollary 1.8. Let K be a number field and G Ă Sn a nilpotent transitive subgroup.
Then
NpK,G;Xq ! X1{apGq`ǫ .
This is an improvement on the results of Klu¨ners-Malle [KM04], who produce the
predicted upper bound when G is an ℓ-group or G is nilpotent in the regular represen-
tation.
1.3 Admissible Orderings and Restricted Local Conditions
The techniques of this paper work in great generality. As stated after Theorem 1.2, we
will prove all of our results under any admissible ordering. In addition to considering
the general problem being a key step in allowing us to perform inductive arguments,
there has been recent interest in studying more general orderings such as the conductor
or the product of ramified primes. In certain cases, these orderings have nicer properties
than the discriminant and can be easier to work with. Wood [Woo09] counts abelian
extensions ordered by conductor, and shows some ways in which this invariant is nicer
than the discriminant. Bartel-Lenstra [BL17], Dummit [Dum18], and Johnson [Joh17]
continue this philosophy by studying different questions when ordering number fields
by various invariants. We have made an effort to cater to this perspective, where
the admissible orderings we consider are general enough to include other orderings
previously considered in the literature.
We also prove analogous results for number fields with restricted local behavior
at any number of places. Such bounds are considered in Bhargava-Shankar-Wang
[BSW15], Klu¨ners-Malle [KM04], Wright [Wri89], and Wood [Woo09] in cases with cer-
tain restricted local behaviors at finitely many places, and do not behave significantly
differently (with the exception of those cases that fall under the Grunwald-Wang The-
orem). Restricted local behavior at infinitely many places has also been considered,
although the order of magnitude of NpK,G;Xq is not always expected to be the same
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under infinitely many restrictions on local behavior. Davenport-Heilbronn [DH71] con-
siders S3 extensions with squarefree discriminant, and Bhargava [Bha14] does the same
for S4 and S5. Wright’s proof of the strong form of Malle’s conjecture for abelian
extensions carries through for restricting ramification at infinitely many places as
well [Wri89]. The proof techniques we use require little to no modification in order
to consider families of number fields with restricted local behaviors.
1.4 Layout of the Paper
In Section 2 we will give the explicit definitions and details needed to state the gen-
eralization of Theorem 1.2 to an arbitrary admissible ordering under restricted local
conditions (found in Theorem 2.6). This will include the definition of an admissible
ordering, and specifically the ordering discpL{Kq appearing in Theorem 1.2.
We prove some technical lemmas in Section 3, then prove Theorem 2.6 in Section 4.
The result is proven by breaking apart HompGK , Gq into the fibers of the push-forward
qN : HompGK , Gq Ñ HompGK , G{Nq, and proving upper bounds on the sizes of these
fibers. We follow up with the proofs of the various conditional and unconditional
corollaries in Section 5.
We conclude this paper with a discussion of possible improvements of this result in
Section 6 relating to further study of nonsolvable groups or improving the unconditional
bounds for solvable groups.
At the end of the paper we include an Appendix containing data on the uncondi-
tional bounds for solvable transitive subgroups of small degree.
2 Main Definitions and Statements of Main Re-
sult
Let K be a number field, GK “ GalpK{Kq the absolute Galois group, PK the set of
places of K, and IK the set of ideals of the ring of integers in K. For each p P P
let Dp “ GalpKp{Kpq be the absolute decomposition group and Ip Ĳ Dp the absolute
inertia group. These are subgroups of GK up to conjugacy, but throughout the paper
we fix an embedding Dp ãÑ GK for each p P PK .
We will prove the results of this paper for number fields in any sufficiently nice
ordering. We take some cues from orders we want to consider, such as the discriminant
or conductor, and define admissible orderings to only depend on the ramification data:
Definition 2.1. We define an admissible ordering (or admissible invariant) inv :ś
p
HompDp,Gq Ñ IK as follows:
(a) there is a family of functions invp : HompIp,Gq Ñ Zě0 for each place p P PK such
that
invpψq “
ź
pPP
p
invppψ|Ipq ,
(b) For all but finitely many places p P PK , γpIpq “ 1 if and only if invppγq “ 0.
We define inv : HompGK,Gq Ñ IK by invpπq “ invppπ|DpqpPPq.
Then for any finite group G and an admissible ordering inv we define the counting
function
NinvpK,G;Xq “ #tπ : GK ։ G | NmK{Qpinvpπqq ă Xu .
If we choose a transitive subgroup G ď Sn, then the ordering given by
invpπq “ discpdegree n e´tale algebra corresponding to πq
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is admissible, and NinvpK,G;Xq “ NpK,G;Xq is the usual counting function studied
by Malle, as described in the introduction. An alternate, but equivalent, expression
for this invariant when π is surjective is
invpπq “ discpLStabGp1qπ q ,
where Lπ{K is the G-extension fixed by kerpπq, and StabGp1q is the stabilizer of 1 in
G ď Sn.
We will give upper bounds on the asymptotic growth of this counting function
by inductively comparing NinvpK,G;Xq to functions on N- and G{N-extensions for a
normal subgroup N Ĳ G. We will need the following lemma for producing an admissible
ordering inv on G{N-extensions from an admissible ordering inv on G-extensions:
Lemma 2.2. Fix a number field K and a finite group G. Let inv be an admissible
ordering on HompGK , Gq. Fix a normal subgroup N Ĳ G with quotient map qN : GÑ
G{N and push-forward map pqN q˚ : Homp´,Gq Ñ Homp´, G{Nq. Define the family
of functions invp : HompIp, G{Nq Ñ Zě0 defined by
invppγq “ mintinvppδq : δ P pqNq
´1
˚ pγqu .
Then the function inv :
ś
p
HompDp, G{Nq Ñ IK defined by
invpψq “
ź
pPPK
p
invppψq
is an admissible ordering.
Proof. Definition 2.1(a) is trivially satisfied by inv.
For Definition 2.1(b) suppose γpIpq “ 1. This implies that γ is completely deter-
mined by the image of Frobenius γpFrpq. Therefore there exists a lift δ : Dp Ñ G
defined by δpIpq “ 1 and δpFrpq P G some lift of γpFrpq P G{N . The admissibility
of inv and δpIpq “ 1 implies that invppδq “ 0 (except for finitely many p providing
exceptions), so by definition 0 ď invppγq ď invppδq “ 0.
Conversely, if invpγq “ 0 then there exists a lift δ : Dp Ñ G such that invpδq “ 0
by definition. Admissibility of inv then implies δpIpq “ 1 (except for finitely many p
providing exceptions), which then implies γpIpq “ δpIpqN{N “ 1.
This is how we define disc in Theorem 1.2. An alternate, but equivalent, definition
can be given by considering the discriminant on local G{N-e´tale algebras:
discpLp{Kpq “ gcd
´
discpFp{Kpq | F
N
p “ L
b|N|
p
¯
.
We will additionally consider restricted local behavior: if we fix a family Σ “ pΣpq
for Σp Ă HompDp, Gq, we then define
NinvpK,Σ;Xq “ #tπ : GK ։ G | pπ|Dpq P Σ,NmK{Qpinvpπqq ă Xu .
We will give upper bounds for the growth of these functions as X Ñ8. We define the
following notations:
Definition 2.3. Let Σ “ pΣpq be a family of local conditions Σp Ă HompDp, Gq. We
define the following:
(a) SurjΣpGK , Gq “ tπ : GK ։ G : pπ|Dpq P Σu,
(b) for any normal subgroup N Ĳ G define ΣpNq “ ΣX
ś
p
HompDp, Nq,
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(c) for any normal subgroup N Ĳ G with quotient map qN : G Ñ G{N and push-
forward pqNq˚ : Homp´, Gq Ñ Homp´, G{Nq we define pqnq˚Σ to be the family
ppqN q˚pΣpqq with pqN q˚pΣpq Ă HompDp, G{Nq.
The weak form of Malle’s conjecture defines the apGq invariant to be the smallest
exponent of p that can appear in the discriminant of a tamely ramified extension for
all but finitely many places p, so we can make the analogous definition:
Definition 2.4. Let G be a finite group, w admissible, and Σ “ pΣpq. Define
ainvpΣq “ lim inf
NK{QppqÑ8
min
γPΣp
γpIpq‰1
invppγq ,
where we take the convention
min
nPS
n “ 8
whenever the set S is empty.
If Σp “ HompDp, Gq is trivial for all places p P PK , we denote this by ainvpGq.
If G Ă Sn is a transitive subgroup, inv “ disc is the corresponding discriminant,
and Σp “ HompDp, Gq for all p P PK then ainvpΣq “ apGq agrees with the invariant
predicted by Malle. This remains true if we restrict local conditions at finitely many
places, but if we allow Σp ‰ HompDp, Gq for all places p P PK it is possible that
ainvpΣq ą ainvpGq. This agree with the cases that are already known (for examples
with restricted local conditions, see [Bha14,DH71,Wri89]). We briefly describe a small
example of this phenomenon for which ainvpΣq ‰ ainvpGq is known to be the correct
invariant:
Example: Let G “ C4, disc be the usual discriminant of C4-extensions of Q, and
define the local conditions
Σp “
#
tγ P HompDp, C4q : γpIpq “ 1u p “ 2,
tγ P HompDp, C4q : γpIpq “ C4u else.
In this situation, NdiscpQ,Σ;Xq counts the number of tamely ramified C4-extensions
L{Q for which |IppL{Qq| P t1, 4u for all places p. The discriminant then satisfies
νppdiscpL{Qqq “ |IppL{Qq| ´ 1 P t0, 3u as all places are at most tamely ramified, which
implies adiscpΣq “ 3. This is bigger than Malle’s predicted invariant adiscpC4q “ 1.
In fact, Wright’s proof of Malle’s conjecture for abelian extensions [Wri89] extends to
cases with restricted ramification in this way and shows that
NdiscpQ,Σ;Xq „ cdiscpQ,ΣqX
1{3
for some positive constant cdiscpQ,Σq. This example highlights how the number of
G-extensions with restricted local behaviors can be much smaller than the total num-
ber of G-extensions, and shows how the adjusted invariant ainvpΣq can capture this
distinction.
Remark: By only considering γ with γpIpq ‰ 1 in the definition of ainvpΣq, we
guarantee that 0 ă ainvpΣq ď 8 for all admissible orderings inv and local conditions
Σ.
It is not necessarily true that we expect an analog of Malle’s conjecture to hold for
any choice of admissible ordering inv and local conditions Σ. As a counter example,
we can choose Σ to contain only local conditions which give Grunwald-Wang counter
examples, in which case NinvpK,Σ;Xq “ 0 (see [Woo09] for a good exposition of this
obstruction in the context of abelian extensions). We also defined admissibility for inv
quite broadly compared to the existing literature, to the point where we allow strange
orderings that make it hard to extend the theoretic justifications of Malle’s conjecture.
We prove results towards the analog of Malle’s predicted upper bound only, while
keeping in mind that this bound may not be sharp in this generality:
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Conjecture 2.5 (Generalized Weak Malle’s Conjecture). Let K be a number field, G
a finite group, inv an admissible ordering, and Σ a family of local conditions. Then
NinvpK,Σ;Xq ! X
1{ainvpΣq`ǫ ,
where we take the convention 1{ainvpΣq “ 0 if ainvpΣq “ 8.
All of the results stated in the introduction generalize to an arbitrary admissible
ordering inv with any choice of restricted local conditions Σ. This produces very
strong evidence that these bounds should be true in general, in particular the analog
of Corollary 1.4 will imply that Conjecture 2.5 is true for all solvable groups if the
Average Torsion Conjecture is true. We state the main result of the paper here, and
the analogs of the other results stated in the introduction will be stated and proved in
Section 5.
Theorem 2.6. Let K be a number field, G a finite group with abelian normal subgroup
N Ĳ G, Σ a family of local conditions and inv an admissible ordering. Then, for any
ǫ ą 0, NinvpK,Σ;Xq is
! max
$’’&
’’%
X
1{ainvpΣpNqq`ǫ ,
ÿ
πPSurjpqN q˚ΣpGK ,G{Nq
NmK{QpinvpπqqăX
X
ǫ
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
π
¯
, N
¯ ˇˇˇ
,//.
//-
,
where Lπ is the fixed field of kerπ ď GK.
Theorem 2.6 is the full version of Theorem 1.2 stated in the introduction.
3 Technical Lemmas
We will need some intermediate results before jumping straight into the proof of The-
orem 2.6. We will use Dirichlet series as a convenient organizational tool for these
counting functions, which we connect to counting functions of the form NinvpK,Σ;Xq
via Integral transforms. It will suffice to use the following result:
Lemma 3.1. Let tbnu be a sequence indexed by the positive integers for which bn ě 0
for all n ě 1. For a fixed positive real number a ą 0 the following are equivalent:
(i) for all ǫ ą 0 ÿ
nďX
bn ! X
a`ǫ
,
(ii) The Dirichlet series
8ÿ
n“1
bnn
´s converges for all real numbers s ą a.
We remark that it is only necessary to consider real values for s (as all Dirichlet series
converge on right half planes) and that we will not utilize any analytic continuations.
Not requiring the existence of an analytic continuation allows us to consider such a
broad range of orderings and local conditions. The proof of some form of Lemma 3.1
can be found in most introductory texts in analytic number theory (see [Ten15, Part
II Theorem 1.13] for one such example).
We will also need upper bounds for counting abelian extensions which are uniform
in the base field.
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Lemma 3.2. Let K be a number field, A a finite abelian group, and S Ă PK a finite
set of places. Then there exists a constant C “ CpA,mq depending only on the group
A and the degree m “ rK : Qs such that
|HompGSK , Aq| ď |HompClpKq, Aq|CpA,mq
|S|
,
where GSK is the Galois group of the maximal extension of K unramified outside of S.
Proof. Class Field Theory gives an exact sequence
ś
pPS Ip G
S,ab
K ClpKq 1 .
The functor Homp´, Aq is a left exact functor of groups, which produces the following
exact sequence of abelian groups:
HompClpKq, Aq HompGSK , Aq
ś
pPS HompIp, Aq .
Ip is finitely generated, and in fact local class field theory tells us that Ip – cyclic ˆ
Z
rK:Qs
ℓ . This implies
|HompIp, Aq| ď |A|
1`rK:Qs
,
so that
|HompGSK , Gq| ď |HompClpKq, Gq| ¨ |A|
p1`rK:Qsq|S|
.
4 Proof of Theorem 2.6
The main idea behind this section is the following: consider an exact sequence of finite
groups
1 N G G{N 1 .i
qN
If G “ A is an abelian group, then HompH,´q “ H1pH,´q is a left exact functor on
abelian groups with the trivial H action. In other words, the following is an exact
sequence:
0 HompH,Nq HompH,Aq HompH,A{Nq .
i˚ pqN q˚
So in particular
|HompH,Aq| ď |HompH,Nq| ¨ |HompH,A{Nq| .
This was integral to the proof of Lemma 3.2 in the case H “ GSK .
If G is not abelian, the same statement is not true. The Hom functor only pro-
duces an exact sequence of pointed sets, which does not translate into bounds on the
cardinality. Instead, we express |HompH,Gq| as a sum of fibers of pqN q|˚. We will
require two technical results in group theory. First, we introduce some notation for
this section:
• G acts on N by conjugation on the left, which we will denote x.y “ xyx´1 for
x P G and y P N . N is a normal subgroup of G, so this is well-defined.
• Define the homomorphism κ : G Ñ AutpNq sending x to the conjugation by x
map py ÞÑ xyx´1q for any y P N .
• AutpGq acts on G by the natural left action, which we will often denote α.x “ αpxq
for x P G. This notation is used so that it lines up with conjugation κpxq.y “ x.y.
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• Given a group action φ : H Ñ AutpGq define the set of crossed homomorphisms
Z
1
φpH,Gq “ tf : H Ñ G | fpxyq “ fpxqrφpxq.fpyqsu .
• Given any two maps f, g : H Ñ G (not necessarily homomorphisms), define the
map pf ˚ gq : H Ñ G by coordinate-wise multiplication x ÞÑ fpxqgpxq. Similarly
for any set B Ă MapspH,Gq define f ˚B “ tf ˚b|b P Bu and B˚f “ tb˚f |b P Bu.
The operation ˚ makes MapspH,Gq into a group, but in general HompH,Gq is
not a subgroup because it is not closed.
Lemma 4.1. Suppose g P HompH,Gq, and pqN q˚pgq “ g. Then the fiber above g is
given by
q
´1
˚ pgq “ Z
1
κgpH,Nq ˚ g .
Proof. Suppose there exists g P HompH,Gq such that β˚pgq “ g. For any f P
Z1κgpH,Nq, it follows that
pf ˚ gqpxyq “ fpxyqgpxyq
“ fpxqrpκgqpxq.fpyqsgpxqgpyq
“ fpxqgpxqfpyqgpxq´1gpxqgpyq
“ fpxqgpxqfpyqgpyq
“ pf ˚ gqpxqpf ˚ gqpyq .
Clearly q˚pf ˚ gq “ q˚pgq “ g by im f Ă N “ ker q. Therefore Z1κgpH,Nq ˚ g Ă q
´1
˚ pgq.
For the reverse containment, suppose f P HompH,Gq such that q˚pfq “ g. Then
fpxqgpxq´1 P N for every x P H and
pf ˚ g´1qpxyq “ fpxyqgpxyq´1
“ fpxqfpyqgpyq´1gpxq´1
“ fpxqgpxq´1gpxqpfpyqgpyq´1qgpxq´1
“ pf ˚ g´1qpxqrgpxq.pf ˚ g´1qpyqs
“ pf ˚ g´1qpxqrpκgqpxq.pf ˚ g´1qpyqs .
Therefore f ˚ g´1 P Z1κgpH,Nq, so that f P Z
1
κgpH,Nq ˚ g. The opposite containment
q˚pgq Ă Z1κgpH,Nq ˚ g then follows.
This implies that we get an expression
HompH,Gq “
ď
gPimppqN q˚q
Z
1
κgpH,Nq
for any choice of representative g for each g. Each fiber may be of a different size, and
studying their asymptotic sizes when H “ GK is a question of independent interest in
number field counting (see [Alb19] for a more in depth discussion of these fibers in the
context of number field counting). For our purposes, we only need an upper bound.
Lemma 4.2. Let H act on G by the homomorphism φ : H Ñ AutpGq. Then the
restriction map f ÞÑ f |ker φ defines a map
α : Z1φpH,Gq Ñ Hompkerφ,Gq ,
which has fibers of size at most |H{ kerφ||G|.
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Proof. Given any f P Z1φpH,Gq, the restriction f |ker φ belongs to Z
1
φpkerφ,Gq. Note
that φ|kerφ : kerφÑ AutpGq is the trivial map, so Z
1
φpkerφ,Gq “ Hompkerφ,Gq.
Suppose f, g P Z1φpH,Gq such that f |ker φ “ g|kerφ. Then f ˚ g
´1 is a map sending
kerφ to 1 such that
pf ˚ g´1qpxyq “ fpxyqgpxyq´1
“ fpxqrφpxq.fpyqsrφpxq.gpyqs´1gpxq´1
“ fpxqgpxq´1gpxqrφpxq.pfpyqgpyq´1qsgpxq´1
“ pf ˚ g´1qpxqrpκgqpxqφpxq.pf ˚ g´1qpyqs .
For any y P H and z P kerφ, pf ˚ g´1qpzq “ 1 implies
pf ˚ g´1qpyzq “ pf ˚ g´1qpyqrpκgqpyqφpyq.pf ˚ g´1qpzqs
“ pf ˚ g´1qpyq .
Therefore pf ˚ g´1q factors through the group of left cosets H{kerφ, so that the fiber
α´1pf |ker φq embeds in MapspH{ kerφ,Gq, which has size |H{ kerφ||G|.
We will combine this with the result of Lemma 4.1 in order to produce asymptotic
upper bounds for |HompH,Gq| when H “ GK .
Proof of Theorem 2.6. By Lemma 3.1 it suffices to consider the Dirichlet series
LinvpK,Σ; sq “
ÿ
πPSurjΣpGK ,Gq
NmK{Qpinvpπqq
´s
.
We decompose this series according to the fibers of pqN q˚ as
LinvpK,Σ; sq “
ÿ
πPpqN q˚pSurjΣpGK ,Gqq
ÿ
πPpqN q´1˚ pπq
NmK{Qpinvpπqq
´s
.
Let Spπq be the set of places ramified in π which are not ramified in π, and Spπq the
places ramified in π. Lemma 4.1 implies that
#tπ1 P pqN q˚pπq : Spπ
1q Ă Spπqu ď
ˇˇˇ
Z
1
κπ
´
G
SpπqYSpπq
K , N
¯ ˇˇˇ
.
The definitions of inv and ainvpΣq imply that for any a ď ainvpΣq
NmK{Qpinvpπqq “
ź
p
NmK{Qppq
invppπq
“
ź
p:πpIpq“1
NmK{Qppq
invppπq ¨
ź
p:πpIpq‰1
NmK{Qppq
invppπq
"
ź
pPSpπq
NmK{Qppq
a ¨
ź
p:πpIpq‰1
NmK{Qppq
invppπq
"
ź
pPSpπq
NmK{Qppq
a ¨NmK{Qpinvpπqq .
(Note that it is necessary to look only at a ď ainvpΣq in order to include the case
ainvpΣq “ 8.) Putting these together gives the following upper bound for any a ď
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ainvpΣpNqq:
LinvpK,Σ; sq !
ÿ
πPpqN q˚pSurjΣpGK ,Gqq
ÿ
SĂPK
finite
SpπqXS“H
ˇˇˇ
Z
1
κπ
´
G
SYSpπq
K , N
¯ ˇˇˇ
ˆ NmK{Q
˜ź
pPS
p
¸´sa
NmK{Qpinvpπqq
´s
,
where π is any choice of preimage of π that is ramified inside of S (if such a choice
does not exist, we treat that term of the sum as zero). However, the fact that N is
an abelian normal subgroup implies that it acts trivially on itself by conjugation. In
particular, the action κπ is determined uniquely by π, and so is independent of the
choice of lift. By taking advantage of this fact, we see that the summands no longer
depend on the lift π.
LinvpK,Σ; sq !
ÿ
πPpqN q˚pSurjΣpGK ,Gqq
ÿ
SĂPK
finite
SpπqXS“H
ˇˇˇ
Z
1
κπ
´
G
SYSpπq
K , N
¯ ˇˇˇ
ˆ NmK{Q
˜ź
pPS
p
¸´sa
NmK{Qpinvpπqq
´s
.
Lemma 4.2 then implies thatˇˇˇ
Z
1
κπ
´
G
SYSpπq
K , N
¯ ˇˇˇ
ď |G
SYSpπq
K { kerpκπq|
|G||Hompkerpκπq, Nq| .
For every choice of π, |G
SYSpπq
K { kerpκπq| ď |AutpNq| is bounded independent of S. The
Galois correspondence gives kerpκπq “ G
SYSpπq
M for M “ L
kerpκπq “ LCGpNq{N where
L is the fixed field of kerπ and we let GSYSpπqM denote the Galois group of the maximal
extension unramified at all places P P PM such that P | p for some p P PK´pSYSpπqq.
We note that π is surjective, so necessarily any field fixed by kerpκπq is necessarily fixed
by kerpκq “ CGpNq.
Lemma 3.2 implies that there exists a constant C “ CpN,mq independent of S and
L such thatˇˇˇ
Z
1
κπ
´
G
SYSpπq
K , N
¯ ˇˇˇ
!
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
C
|S|`|Spπq|
“
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
C
|S|`ωpinvpπqq
,
where ωpaq “ the number of distinct prime divisors of a. This implies
LinvpK,Σ; sq !
ÿ
πPpqN q˚pSurjΣpGK ,Gqq
ÿ
SĂPK
finite
SXSpπq“H
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
ˆ C|S|`ωpinvpπqqNmK{Q
˜ź
pPS
p
¸´sa
NmK{Qpinvpπqq
´s
!
ÿ
πPpqN q˚pSurjΣpGK ,Gqq
ÿ
SĂPK
finite
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
ˆ C|S|`ωpinvpπqqNmK{Q
˜ź
pPS
p
¸´sa
NmK{Qpinvpπqq
´s
.
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By removing the dependence of S on π in the last step, we can factor the upper bound
into a product of the following two Dirichlet series:
ÿ
SĂPK
finite
C
|S|NmK{Q
˜ź
pPS
p
¸´sa
and ÿ
πPpqN q˚pSurjΣpGK ,Gqq
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
C
ωpinvpπqqNmK{Qpinvpπqq
´s
.
The first Dirichlet series can be bounded as follows: noting that Cωpaq ! NmK{Qpaq
ǫ
for each ǫ ą 0:
ÿ
SĂPK
finite
C
|S|NmK{Q
˜ź
pPS
p
¸´sa
ď
ÿ
aPIK
C
ωpaqNmK{Qpaq
´sa
! ζKpsa´ ǫq .
Recalling that a can be chosen to be any number ď ainvpΣpNqq and that the Dedekind
zeta function ζK converges for all real numbers larger than 1, it follows that the first
series converges for all s ą 1{ainvpΣpNqq.
For the second Dirichlet series we directly apply Lemma 3.1 to say that the series
converges absolutely for all s ą b if and only ifÿ
πPpqN q˚pSurjΣpGK ,Gqq
NmK{QpinvpπqqăX
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
C
ωpinvpπqq ! Xb`ǫ .
Thus the series LinvpK,Σ; sq converges absolutely for s ą maxt1{ainvpΣpNqq, bu for any
positive real number b satisfying the above inequality. Lemma 3.1 then implies
NwpK,Σ;Xq ! maxtX
1{awpΣpNqq`ǫ, Xb`ǫu .
Taking a lim inf of all the choices for b concludes the proof of Theorem 2.6
5 Proofs of the Corollaries
We first state and prove the analog of Corollary 1.4. We will additionally be explicit
about which averages of torsion in class groups need to be considered in order to prove
Malle’s predicted upper bounds.
Corollary 5.1. Let K be a number field, G a finite solvable group, inv an admissible
ordering, and Σ a family of local conditions. Suppose there exists a normal series
1 Ĳ G1 Ĳ G2 Ĳ ¨ ¨ ¨ Ĳ Gn Ĳ G
such that for each i “ 1, 2, ..., n the series satisfies
(a) Gi Ĳ G,
(b) the factor Gi{Gi´1 is abelian,
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(c) the average size of |HompClpLCGpNq{N q, Nq| for N “ Gi{Gi´1 as L{K varies
over all pG{Giq-extensions ordered by inv satisfying the local conditions pqGiq˚Σ
is ! Xǫ, i.e. ÿ
πPSurjpq
˚
Gi
qΣpGK ,G{Giq
NmK{QpinvpπqqăX
ˇˇˇ
Hom
´
Cl
´
L
CGpGi{Gi´1q{Gi
¯
, Gi{Gi´1
¯ ˇˇˇ
is ! XǫNinvpK, pq
˚
Gi
qΣ;Xq, where CGpGi{Gi´1q is the centralizer of the action
by conjugation of G on Gi{Gi´1.
Then
NinvpK,Σ;Xq ! X
1{ainvpΣq`ǫ .
This result gives strong evidence that Conjecture 2.5 holds for any solvable group
under any admissible ordering with any restricted local conditions, as a normal series
satisfying conditions (a) and (b) exists for any solvable group and (c) would follow from
the average torsion conjecture for class groups. We immediately see that Corollaries
1.4 and 1.6 follow from Corollary 5.1.
Proof. We induct on the length of this normal series. Suppose n “ 0 as the base case,
i.e. the series is just 1 Ĳ G so that G must be abelian. By Lemma 3.1 it suffices to
consider the Dirichlet series ÿ
πPSurjΣpGK ,Gq
NmK{Qpinvpπqq
´s
.
By definition, for all but finitely many p the exponent invppπq ě ainvpΣq. There are
only finitely many choices for local behavior at the places violating this bound, which
implies that for any real number a ď ainvpΣq
ÿ
πPSurjΣpGK ,Gq
NmK{Qpinvpπqq
´s !
ÿ
πPSurjΣpGK,Gq
NmK{Q
¨
˝ ź
p|invpπq
p
˛
‚
´sa
.
(Note that it is necessary to look only at a ď ainvpΣq in order to include the case
ainvpΣq “ 8.)
Admissibility implies p | invpπq if and only if πpIpq “ 1 for all but finitely many
places. Thus we get an upper bound
ÿ
πPSurjΣpGK ,Gq
NmK{Q
¨
˝ ź
p|invpπq
p
˛
‚
´sa
ď
ÿ
SĂPK
finite
|HompGSK , Gq|NmK{Q
˜ź
pPS
p
¸´sa
.
We then apply Lemma 3.2 to get the bounds
ÿ
SĂPK
finite
|HompGSK , Gq|NK{Q
˜ź
pPS
p
¸´sa
ď
ÿ
SĂPK
finite
|HompClpKq, Gq|C|S|NmK{Q
˜ź
pPS
p
¸´sa
ď
ÿ
aPIK
|HompClpKq, Gq|CωpaqNmK{Qpaq
´sa
,
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where ωpaq is the number of distinct prime divisors of a. Noting that Cωpaq ! NmK{Qpaq
ǫ
for each ǫ ą 0, we get an upper bound given by the Dedekind zeta function
|HompClpKq, Gq|ζK psa´ ǫq ,
which is known to converge absolutely for sa ´ ǫ ą 1. As a can be chosen to be any
number ď ainvpΣq, it follows that the series converges for all s ą 1{ainvpΣq. Lemma
3.1 then converts this result to the desired bound
NinvpK,Σ;Xq “
ÿ
πPSurjΣpGK ,Gq
NmK{QpinvpπqqďX
1 “ OpX1{ainvpΣq`ǫq .
Now suppose the theorem is true for groups that have a normal series of length
n´ 1. We then apply Theorem 2.6 for N “ G1 the abelian normal subgroup of G to
show NinvpK,Σ;Xq is
! max
$’’&
’’%
X
1{ainvpΣpNqq`ǫ ,
ÿ
πPSurjpqnq˚ΣpGK ,G{Nq
NmK{QpinvpπqqăX
X
ǫ
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
,//.
//-
.
We assumed a bound of the average size of class group torsion in this case, namely
that for any ǫ ą 0ÿ
πPSurjpqnq˚ΣpGK ,G{Nq
NmK{QpinvpπqqăX
ˇˇˇ
Hom
´
Cl
´
L
CGpNq{N
¯
, N
¯ ˇˇˇ
! XǫNinvpK, pqN q˚Σ;Xq .
It follows from the inductive hypothesis that
NinvpK,Σ;Gq ! max
!
X
1{ainvpΣpNqq`ǫ , X1{ainvppqN q˚Σq`ǫ
)
.
We now note that
ainvpΣq “ lim inf
NmK{QppqÑ8
min
γPΣp
γpIpq‰1
invppγq
“ lim inf
NmK{QppqÑ8
min
$’&
’% minγPΣppNq
γpIpq‰1
invppγq, min
γPΣp´ΣppNq
γpIpq‰1
invppγq
,/.
/-
“ lim inf
NmK{QppqÑ8
min
$’&
’% minγPΣppNq
γpIpq‰1
invppγq, min
γPpqN q˚Σp
γpIpq‰1
invppγq
,/.
/-
“ mintainvpΣq, ainvppqN q˚Σqu ,
which concludes the proof.
We next state the analog of the unconditional result Corollary 1.7:
Corollary 5.2. Let K be a number field, G a finite group, inv an admissible ordering,
and Σ a family of local conditions. Suppose there exists a normal subgroup N Ĳ G such
that
(a) N{pN X Z8pGqq is abelian with d generators, where Z8pGq denotes the hyper-
center of G i.e. the last term of the lower central series,
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(b) There exists a positive real number M such that for each G{N-extension L{K
NmK{QpdiscpL{Kqq ! NmK{QpinvpL{KqqM and
X
1
2
dM ¨NinvpK, pqN q˚Σ;Xq ! X
1{ainvpΣq`ǫ .
Then
NinvpK,Σ;Xq ! X
1{ainvpΣq`ǫ .
We immediately see how this is a generalization of Corollary 1.7, and we discussed
in the introduction how taking N “ G for G nilpotent implies Corollary 1.8 (as well as
the appropriate analog for any admissible ordering and any family of local conditions).
Proof. We choose a composition series
1 Ĳ N1 Ĳ N2 Ĳ N3 Ĳ ¨ ¨ ¨ Ĳ Nn Ĳ N
by specifying N1, ..., Nn as the lower central series for G intersected with N , so that in
particular Nn “ pN X Z
8pGqq. This implies that for each i “ 1, ..., n, Ni is central in
G{Ni´1 so that CGpNi{Ni´1q{Ni “ G. Thus for each i “ 1, ..., n it follows thatÿ
πPSurjpqNi q˚ΣpGK ,G{Niq
NmK{QpinvpπqqăX
X
ǫ
ˇˇˇ
Hom
´
Cl
´
L
CGpNi{Ni´1q{Ni
π
¯
, Ni{Ni´1
¯ ˇˇˇ
! |HompClpKq, Ni{Ni´1q|X
ǫ
NinvpK, pqNiq˚Σ;Xq .
We also note that Minkowski’s bound for the class group impliesÿ
πPSurjpqN q˚ΣpGK ,G{Nq
NmK{QpinvpπqqăX
X
ǫ
ˇˇˇ
Hom
´
Cl
´
L
CGpN{Nnq{N
π
¯
, N{Nn
¯ ˇˇˇ
!
ÿ
πPSurjpqN q˚ΣpGK ,G{Nq
NmK{QpinvpπqqăX
X
ǫNmK{QpdiscpL{Kqq
1
2
d
!
ÿ
πPSurjpqN q˚ΣpGK ,G{Nq
NmK{QpinvpπqqăX
X
ǫNmK{QpinvpL{Kqq
1
2
dM
! X
1
2
dM
NinvpK, pqN q˚Σ;Xq
! X1{ainvpΣq`ǫ .
Iterating along the composition series with Theorem 2.6 then implies NinvpK,Σ;Xq is
! max
!
X
1{ainvpΣpN1qq`ǫ, ..., X1{ainvppqNn q˚ΣpNnqq`ǫ, X1{ainvpΣq`ǫ
)
! X1{ainvpΣq`ǫ .
6 Remarks on Possible Generalizations
Theorem 2.6 is not limited to solvable groups and can be used to address nonsolvable
groups as well. The importance of solvable comes from class field theory - we know a lot
more about abelian extensions than we do for G-extensions for G a nonabelian simple
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group. Theorem 2.6 only allows for taking an abelian normal subgroup N Ĳ G because
we understand the field theory for N-extension very well. If we chose another normal
subgroup N Ĳ G the proof would break down when trying to analyze |HompGSK , Nq|.
We don’t have a nonabelian version of class field theory to give the upper bounds
analogous to Lemma 3.2 necessary to prove the theorem.
As in the case for solvable groups, if one could show that there exists a positive
constants C “ CpG,mq and c “ cpK,Nq independent of S such that |HompGSK , Nq| !
cpK,Nq ¨CpN,mq|S| for any nonabelian simple group N and we assume the number of
unramified N-extensions of L{K is smaller than Xǫ on average, we could prove Malle’s
predicted upper bounds. Although these assertions match the corresponding result for
abelian groups and the average torsion conjecture for class groups, there is significantly
less evidence for bounds of these forms in the literature. Even in the case of solvable
groups, one could make improvements by generalizing the bounds in Lemma 3.2 to
other nonabelain solvable groups. This would in principle allow one to take the normal
subgroup N in Theorem 2.6 to be some nonabelian group, which could improve upper
bounds by decreasing the size of G{N . This approach is reminiscent of the work of
Wang [Wan17] on Malle’s conjecture for SnˆA, in which she proved upper bounds for
Sn-extensions for n “ 3, 4, 5 which are uniform in the base field.
We were able to prove very broad results due to the fact that we restricted to
considering only the upper bound as a power of X. These results can be traced through
to keep track of the power of logX, although more care is needed to get the sharpest
results possible. In the cases of Corollary 1.7 for which Malle’s predicted upper bound
as a power of X is known, it may be the case that with more care the techniques
of [Klu¨12,Wan17], and an upcoming preprint [LOWW19] could be used to prove an
upper bound with the correct power of logX as well. Optimistically, one would hope
to generalize these approaches in order to prove the strong form of Malle’s conjecture
in as wide a range of cases as Corollary 1.7 if we are more restrictive on the ordering
and families of local conditions. See [Alb19] for the first steps in this direction.
A Appendix: Data
In this section, we will provide data for the upper bounds of NpK,G;Xq when G Ă Sn
is a transitive, solvable subgroup and n small. We will directly compare the bounds
given by iteratively applying Theorem 2.6 with Minkowski’s bounds on the size of the
class group to the best previously known bounds, in particular the general bounds for
every group given by Dummit [Dum18] and Schmidt [Sch95].
Some families of groups are easy to produce bounds for NpK,G;Xq using compu-
tations done by hand, such as Dn Ă Sn as discussed in the introduction. In general
though, we can get a more complete picture by using a computer algebra program. All
of the computations in this section are done using MAGMA [BCP97].
One of the drawbacks of Dummit’s result is the computational power necessary
to compute sets of primary invariants, Dummit’s data extends to transitive groups of
degree 8 and then covers only four transitive groups of degree 9 because of the length
of time computations were taking. If we apply the trivial bound from Minkowski to
Theorem 2.6 the bulk of the computations are done by computing a normal series for
G and looping over elements of G to compute apGq and the new upper bounds, which
MAGMA is able perform very quickly by comparison.
We briefly describe the code being used in this section: For each transitive group G
in degree d, we iterate through the lattice of normal subgroups of G to produce a list
of all chief series for the group (i.e., normal series of maximal length). For each chief
series
1 Ĳ G1 Ĳ G2 Ĳ ¨ ¨ ¨ Ĳ Gn Ĳ G ,
19
we induct along the series by applying Theorem 2.6 at the bottom of the series as
follows: If G1 is central, apply Theorem 2.6 with N “ G1. If G1 is not central, apply
Theorem 2.6 with N “ Gi for i the maximum index for which Gi is abelian. In the
first case, N is central so the class group contributes nothing to the upper bound. In
the second case, we use Minkowski’s bound in order to give an upper bound for the
contribution of the class group. We have left over a chief series for G{N which is strictly
shorter, and we have MAGMA repeat this process until we reach the end of the chief
series. This is done for each chief series, as different series give different bounds, and
the program returns the minimum bound produced by one of the chief series.
We will use nTd to denote the group TranstiveGroup(n,d) in MAGMA’s database,
and we will only include solvable groups. In each column, we will give the corresponding
power of X upper bound of NpK,G;Xq: the “Malle” column which shows the upper
bound predicted by Malle, the “new” column which shows the unconditional bounds we
prove using Theorem 2.6 with Minkowski’s bounds, the “previous” column which shows
the previously best known result (or “SF” if the strong form of Malle’s conjecture is
proven), and the “reference” column which gives the reference for the previously best
known result. We remark that Dummit’s bounds depend slightly on the field K, if
Xa is the bound given over Q then Xa`1´1{rK:Qs is the corresponding bound over K.
Whenever Dummit’s bounds are the best known, we specifically include the bound over
Q.
To preserve space, we include only those groups for which the new upper bounds
produced are better than the previously known bounds. In two case, namely 8T33 and
8T34, the new bounds improve on Dummit’s upper bounds whenever K ‰ Q, so we
include these with an *. We remark that for groups where the new upper bounds are
not better than the previously known bounds, it is possible for the new bounds to be
extremely poor. The worst example of small degree is
NpK, 8T43;Xq ! X77`ǫ ,
which is significantly worse than Dummit’s bound of X7{3. This bound is so large
because 8T43 has a chief series of length 7, of which most of the factors are not central.
This means that the class group increases the size of the bound at more steps of the
induction.
The bounds we produce also tie with the best previously known bounds in several
cases, including all nilpotent groups in the regular representation [KM04], all ℓ-groups
[KM04], and dihedral groups Dp in both representations, all of which will be omitted
from the table. Mehta [Meh19] announced some results around the same time as this
paper: he proves Malle’s predicted upper bound for 6T4 and 6T10, and although our
results are better than the previously known upper bounds before Mehta’s result we do
not produce Malle’s predicted upper bound. Thus we exclude 6T4 and 6T10 from the
tables. Mehta also proves unconditional upper bounds for Cm¸Ct Ă Sn for n “ m,mt
which agree with the bounds we produce. This covers the groups 7T3, 7T4, 9T3, and
9T10 in our table, and we choose to include these bounds with a : to indicate the
concurrent result.
degree 6 Isom. to Malle new previous reference
6T3 S3 ˆC2 X
1{2`ǫ X3{4`ǫ X7{3 Dummit [Dum18]
6T5 C3 ≀ C2 X
1{2`ǫ X1{2`ǫ X7{4 Dummit [Dum18]
6T8 S4 X
1{2`ǫ X3{2`ǫ X2 Schmidt [Sch95]
6T9 S3 ˆ S3 X
1{2`ǫ X3{2`ǫ X2 Schmidt [Sch95]
degree 7 Isom. to Malle new previous reference
7T3: F21 X1{4`ǫ X1{2`ǫ X7{4 Dummit [Dum18]
7T4: F42 X1{3`ǫ X5{6`ǫ X2 Dummit [Dum18]
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degree 8 Isom. to Malle new previous reference
8T12 SL2pF3q X
1{4`ǫ X3{4`ǫ X5{2 Schmidt [Sch95]
8T13 A4 ˆ C2 X
1{4`ǫ X3{4`ǫ X5{2 Schmidt [Sch95]
8T14 S4 X
1{4`ǫ X11{8`ǫ X5{2 Schmidt [Sch95]
8T23 GL2pF3q X
1{3`ǫ X3{2`ǫ X5{2 Schmidt [Sch95]
8T24 S4 ˆC2 X
1{2`ǫ X9{4`ǫ X5{2 Schmidt [Sch95]
8T32 X1{2`ǫ X5{4`ǫ X5{2 Schmidt [Sch95]
8T33˚ C22 ¸ C6 X
1{2`ǫ X9{4`ǫ X2 Dummit [Dum18]
8T34˚ E24 ¸D6 X
1{2`ǫ X19{8`ǫ X2 Dummit [Dum18]
degree 9 Isom. to Malle new previous reference
9T3: D9 X1{4`ǫ X3{8`ǫ X13{6 Dummit [Dum18]
9T5 C23 ¸ C2 X
1{4`ǫ X1{2`ǫ X19{12 Dummit [Dum18]
9T8 S3 ˆ S3 X
1{3`ǫ X1`ǫ X2 Dummit [Dum18]
9T9 X1{4`ǫ X3{4`ǫ X11{4 Schmidt [Sch95]
9T10: X1{4`ǫ X3{4`ǫ X11{4 Schmidt [Sch95]
9T11 X1{4`ǫ X9{8`ǫ X11{4 Schmidt [Sch95]
9T12 X1{3`ǫ X2{3`ǫ X11{4 Schmidt [Sch95]
9T13 X1{3`ǫ X4{3`ǫ X11{4 Schmidt [Sch95]
9T14 X1{4`ǫ X5{4`ǫ X11{4 Schmidt [Sch95]
9T15 X1{4`ǫ X5{4`ǫ X11{4 Schmidt [Sch95]
9T16 X1{3`ǫ X5{3`ǫ X11{4 Schmidt [Sch95]
9T18 X1{3`ǫ X5{2`ǫ X11{4 Schmidt [Sch95]
9T20 X1{2`ǫ X3{2`ǫ X11{4 Schmidt [Sch95]
9T21 X1{2`ǫ X3{2`ǫ X11{4 Schmidt [Sch95]
9T22 X1{2`ǫ X11{6`ǫ X11{4 Schmidt [Sch95]
9T24 X1{2`ǫ X7{2`ǫ X11{4 Schmidt [Sch95]
We remark that Dummit only computes the bounds for groups 9T3, 9T4, 9T5,
and 9T8 in [Dum18]. Dummit’s Theorem does give bounds for all proper transitive
subgroupsG Ă Sn which are known to be better that Schmidt’s bounds ifG is primitive,
but it becomes computationally intensive to find a set of primary invariants in order to
compute the bound (it took Dummit’s code two days to produce the bounds in degrees
5, 6, 7, 8, and for just these four groups in degree 9).
One should notice that our new bounds appear to improve many more results in
degree 9 than in degree 8. This is for several reasons. |S8| is divisible by a much
much larger power of 2 than the power of 3 dividing |S9|, which means there are a lot
more 2-groups in S8 for which (conjecturally) sharp bounds were already proven by
Klu¨ners-Malle. Because 8 is divisible by 2, S8 also has some transitive subgroups of
the form C2 ≀H for which the strong form of Malle’s conjecture holds [Klu¨12], while S9
has no such subgroups. Lastly, 8 has more divisors than 9, which means there are a lot
more ways to make transitive subgroups with longer normal series and we know that
that the unconditional bounds coming from Theorem 2.6 with Minkowski’s bounds get
worse for longer normal series.
We would expect this pattern to continue to hold for larger degrees. Our new results
are likely to improve the best known upper bounds for more groups in odd degrees with
fewer divisors.
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